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OBJECTIVES

Examine Primes In Term Of Additive Properties & Modular
Arithmetic

To Prove There Are Infinitely Many Primes

To Prove There Are Infinitely Many Primes of The Form 4n+2
To Prove There Are Infinitely Many Primes of The Form 4n
To Prove There Are Infinitely Many Primes of The Form 4n+3
To Prove There Are Infinitely Many Primes of The Form 4n+1




Proof: Primes in Form of 4n+3

Prove By Contradiction

Assumption: Assume we have a set of finitely many primes of the
form

4n+3
P= {pl, pZ, P }

Construct a number N such that
N == 4 3 p]. p2¢ ,\pn = ].
= 4[(py. Py .. .p) - 1143

N can either be prime or composite.

If N is a prime, there’s a contradiction since N is in the form of 4n
+3 but does not equal to any of the number in the set P.

If N is a composite, there must exist a prime factor “a” of N such
that a is in the form of 4n+3.




All the primes are either in the form of 4n+1 or in
the form of 4n+3. If all the prime factors are in the

form of 4n+1, N should also be in the form of 4n

+1. There should exist at least one prime factor of

N in the form of 4n+3.




“a” does not belong to set P

N/a= (4% pyppe....Ppp 1)/ 2a

= (4% pppPy...4p,)/a -1/a (1/ais not

an integer)

Conclusion:

a is a prime in the form of 4n+3, but a does not belong to set P.
Therefore, we proved by contradiction that there exists infinitely

many primes of the form 4n+3.




Proof: Primes in Form of 4n+1

Prove by Fermat’s Little Theorem
Let N be a positive integer

Let M be a positive integer in the form:
M — [ N % (N_].) * (N_Z) L 2 % ].]2 + ].

is odd)
= (N2 +1

Let P be a prime number greater than N such that p|M
M= 0 (mod p)

Then, we can rewrite M in term of N:
(N2 +1 = 0 (mod p)
(Nh2 = -1 (mod p)

MeZ+ &M




Fermat’s Little Theorem:

aP-1 =1 (mod p)

In order to use Fermat’s Little Theorem in the proof, we would
like to convert the left hand side of the equation in the form of
aP-1, which can be achieved by raising the equation to the power
of (p-1) / 2.

[(N12)]®-/2 = [-1 (mod P)]¢-D/2

We get:

(N1) Pt = (-1) *-1/2 (mod p)

Notice that the left hand side of the equation is in the form of a

P-1 where N! represents a.

By Fermat’s Little Theorem, we can rewrite the equation as:
1(mod p) = (-1) ®V/2 (mod p)




Since pis odd, 1 # -1 (mod p).
Then,

1 = (=1)®-Ds2

The only case for this equation to hold true is when (p-1) /2 is

even.

If (p—1)/2 is even, it can be represented as:

(p-1)/2 = 2n (ne?

p=4n+1




Since p is greater than N and N can get infinitely large, as N

approaches infinity, p also approaches infinity.

Conclusion:

We proved by Fermat’s Little Theorem that there exists infinitely

many primes in the form of 4n+1.
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